Using the graphical method developed in hep-th/9908082, we obtain the full curve corresponding to the hyperkähler quotient from the extended E 7 Dynkin diagram. As in the E 6 case discussed in the same paper above, the resulting curve is the same as the one obtained by Minahan and Nemeschansky. Our results seem to indicate that it is possible to define a generalized Coulomb branch such that four dimensional mirror symmetry would act by interchanging the generalized Coulomb branch with the Higgs branch of the dual theory. To understand these phenomena, we discuss mirror symmetry and F-theory compactifications probed by D3 branes. 1
Introduction
String theory provides a very powerful setting for the study of gauge theories. Gauge theories can be constructed through the geometrical engineering [1] by compactifying string theory on Calabi-Yau manifolds with appropriate Hodge numbers and singularities. They can also be realized as the world volume theories on extended objects such as D-branes [2] . The authors of [3] studied the gauge theories obtained by placing D-branes on orbifold singularities and introduced 'quiver diagrams', which summarize the gauge group structures and matter contents of the gauge theories. They considered D-5 branes and noticed that the moduli space of D-brane ground states is a ALE space described by a hyperkähler quotient.
The hyperkähler quotient was introduced in [4] ; it was mathematically refined in [5] . One way to construct it is to gauge isometries of a non-linear sigma model in such a way as to preserve N =2 supersymmetry. In the spirit of [6] , a graphical method was invented in [7] and used to obtain the curve that corresponds to a hyperkähler quotient of a linear space.
In particular, it was applied to the hyperkähler quotients constructed from the extended Dynkin diagrams of A k , D k series and E 6 case.
Remarkably, the Higgs branch of a quiver gauge theory based on the extended E 6 Dynkin diagram turned out to be identical, when it was expressed in terms of E 6 Casimir invariants, to the curve 1 with E 6 global symmetry obtained by Minahan and Nemeschansky some time ago [8] and later by the authors of [10] . In this article, we work out the full 2 curve corresponding to the E 7 extended Dynkin diagram. The resulting curve is again equal to the generalized Coulomb branch with E 7 global symmetry computed in [9] and [10] 3 .
We understand the origin of these phenomena through mirror symmetry and F-theory [11] compactifications [12, 13] . D3 branes are used to probe the singularities of the backgrounds under consideration [14] . The relevant F-theory compactifications for our purpose are the ones which give rise to E 7 gauge group. The E 7 global symmetry is realized on the world volume theory of the D3 branes.
It is the physics near such singularities that is responsible for the field theory limit of string compactifications [15] . The mirror geometry of ADE singularities was discussed [16] in the context of type II strings. On the dual backgrounds, the gauge groups of the dual superconformal field theories are given by a product of U(n i ) groups. The n i 's are given by multiples of the Dynkin numbers of the nodes in the corresponding Dynkin diagrams. 1 We will call this curve the generalized Coulomb branch. 2 The orbifold limits of E 7 and E 8 (and some other higher order quiver diagrams) were considered in [7] . 3 In E 7 case, it is easier to compare with [10] since the authors used E 7 Casimir invariants, while the authors of [9] expressed their curve in terms of the SO(12)×SU(2) Casimir invariants, as we discussed in section 2.
Mirror symmetry is well understood in three dimensions [17, 18] where both the Higgs branch and the Coulomb branch are hyperkähler manifolds. They get interchanged under the action of mirror symmetry. In the four dimensional models we consider in this paper, the Coulomb branch of the original theory is a Riemann surface, which is real two dimensional, whereas the Higgs branch of the dual theory has real four dimensions. What we find in this paper seems to indicate that mirror symmetry in these four dimensional models acts in such a way that it is the generalized Coulomb branch (rather than the Coulomb branch) of the original gauge theory that gets interchanged with the Higgs branch of the mirror dual theory. 4 More intuitive understanding of the origin of the identity between the curve we compute and the generalized Coulomb branch seems possible by applying various string dualities to the system under consideration. We illustrate this point in section 3 with a heuristic example using the D7-D3 brane system.
The organization is as follows. After briefly reviewing the hyperkähler quotients, we present the calculation of E 7 case in section 2. The final form of the curve is given in Appendix A. It is expressed in terms of E 7 Casimirs, P i , whose definition is given in Appendix A. As in the case of E 6 , the curve obtained is the generalized Coulomb branch with E 7 global symmetry. The generalized Coulomb branch can also be expressed in terms of E 7 Casimir invariants which we also denote as P i . However, the P i 's of our curve are functions of Fayet-Iliopoulos (FI) parameters, b j , while the P i 's of the generalized Coulomb branch are functions of mass parameters 5 , m k . In anticipation of mirror symmetry, we find the relations between b's and m's which render P i (b) = P i (m). 6 In section 3, we discuss mirror symmetry and F-theory compactifications probed by D3 branes. Section 4 includes summary and open problems.
The Hyperkähler Quotient For E 7 Case
We begin by briefly reviewing the hyperkähler quotients and refer the reader to [4, 5, 7] (and the references therein) for more details. Gauging isometries of a non-linear sigma model while preserving N =2 susy gives rise to the hyperkähler quotient. More specifically, consider a sigma model with isometries. To elevate the isometries to local symmetries, introduce an N =2 vector multiplet, which consists of an N =1 vector multiplet and an N =1 4 There is a natural relation between the generalized Coulomb branch in four dimensions and the Coulomb branch in three dimensions, as discussed in section 3. 5 They are associated with relevant deformations of the superconformal field theory under consideration. 6 These relations reflect the fact that under mirror symmetry FI and mass parameters get interchanged. chiral multiplet, denoted respectively as V , S in [4] . In N =1 superspace, one integrates out V and S by their field equations. Inserting the solution for V field equations into the gauged Lagrangian and keeping the S field equations as constraints gives the Kähler potential of the quotient space. The constraints from S field equations can be represented graphically and are given in figure 1 7 . The gauge groups and the representations appropriate for the the construction of ALE spaces are summarized by the extended Dynkin diagrams [19] , as in Figure 2 .
Now, we compute the hyperkähler quotient corresponding to the E 7 extended Dynkin Diagram given in Figure 3 (a). In addition to the Dynkin numbers in the same figure, we label the nodes by assigning 1 to the far left node and 2 to the next one, etc. The upper node in the middle is referred to as the eighth node. We closely follow [7] with a convenient Consider the highest order invariant, U, and its orientation reversed diagramŪ . The product of these two diagrams can be written as 8
One can use the so called Schouten identity to rewriteŪ in terms of the variables defined in 
Noting the following relations,
where b 1 is the FI term associated with the first node of the Dynkin diagram. To rewrite the right hand side of (1), consider
Applying the Schouten identity (2) again to T r(NNKN) and T r(NNM) leads to
where the second equality follows from (3). Substituting (4) and (6) into (1) gives
Therefore the whole task of finding the curve is reduced to the computation of T r(N), T r(K), T r(NN) and T r(NK). It is a simple exercise to compute T (N): It is expressed purely in terms of b i 's. The other three quantities are more complicated to obtain: The final forms are,
where the coefficients are functions of the FI parameters, b i , as indicated. Since these coefficients are lengthy, we will not present them explicitly. However, once we make the change of variables discussed below, the coefficients can be expressed in terms of E 7 Casimir invariants. This makes the curve simple enough to present. Upon substitution of (8) into (7), we obtain,
where l ≡ T r(N). To put this curve into the standard form, we perform the following change of variables,
In terms of the new variables, X, Y and Z, the curve becomes
where
The coefficients α and β are expressible in terms of E 7 Casimir invariants and are given in the Appendix A.
We discuss the comparison of (11) with the curve of [9] in Appendix B in more detail.
Here we only present the relations 9 between b's and m's:
9 It is easier to compare to [10] since they also use E 7 Casimirs. It is straightforward to check that our curve is equal to that of [10] if we identify our P i with their P i .
where φ is the simple root of SU (2) . Upon substitution in (11), we find exactly the curve of [9] . The mass parameters have a group theoretical interpretation as an orthonormal basis for the root space.
Mirror Symmetry and F-theory
In [7] , it was observed that the hypermultiplet moduli space of a model constructed from given by the equation
where Z is now interpreted as the usual coordinate on the Coulomb branch of the gauge theory. We now try to collect some evidence for this conjecture.
Closely following [20] , we can connect our generalized four dimensional mirror symmetry with the mirror symmetry that acts on three dimensional gauge theories [17] by performing a dimensional reduction of the four dimensional Seiberg-Witten theory to three dimensions 10
In four dimensions the effective action that we are interested in can be written
where u = Trφ 2 is the usual Seiberg-Witten moduli space coordinate. Going to three dimensions by compactifying on a circle of radius R, the gauge vector splits into a scalar and 10 Since it is believed that the world volume theory with exceptional global symmetry does not admit a Lagrangian description, this discussion may not directly apply to our case. However, we believe that our conjecture is more general than the cases of exceptional global symmetry. Therefore we consider a case where such a description does exist.
a tree dimensional vector which, in turn, can be dualized to another scalar. The correct normalization for the first scalar is
which gives an action
Then we dualize the 3D photon by the usual "gauging of isometries" trick. The "isometry" we want to gauge is A k → A k + ǫ k where ǫ k is a constant, but after gauging it can be arbitrary. To gauge we introduce a gauge field B ik which transforms as
The whole model becomes invariant if we replace F ik with F ik + B ik . We also have to impose the constraint that the field strength of B ik is equal to zero so that we don't change the model. This gives us the action
If we integrate over σ, we get back to the original model (B is equal to zero modulo a gauge transformation). If we instead integrate over B, we obtain
and inserting this in the action gives
From this we can read off the metric on the moduli space. It is
We see that the b and σ coordinates are coordinates on a torus with τ parameter τ = θ π +i 8π 2 e 2 which is the same as the Seiberg-Witten torus. We thus see that going to three dimensions we naturally have to put the Seiberg-Witten moduli space (spanned by u) together with the Seiberg-Witten torus to get the full space spanned by the complex curve. It should also be noted that, in the cases where we can compare, the map between the FI parameters and the mass terms is exactly the same as in the three dimensional case [21] .
We now discuss F-theory compactifications probed by D3 branes. F-theory [11] can be viewed as a novel compactification of type IIB string theory with the dilaton, φ, and the Ramond-Ramond (RR) scalar, a, varying over a manifold B on which IIB string theory is compactified. By considering the subspace of the moduli space where τ (≡ a + i exp(−φ/2)) remains constant , Sen [12] showed that F-theory in this regime is described by the IIB orientifold in the weak coupling limit.
In particular, an interesting observation was made that the description of the physics near one of the four orientifold planes is identical to the Seiberg-Witten results [22] of N =2 SU(2) gauge theory with SO(8) global symmetry. The SU(2) gauge theory, in turn, was interpreted [14] as the world volume theory of D3 brane probes parallel to the 7 branes.
In [13, 23, 24] , other branches of the moduli space were studied where the τ remains constant. In particular, it was noted that in these branches exceptional gauge groups arise on the (p,q) 7 branes [25] . The branch we need to consider is the one which gives E 7 group.
The (p,q) 7-brane configuration of E 7 singularity is often referred to as A 6 BC 2 where A,B,
and C are associated with (p,q) charges of the 7-branes. Since the singularity occurs at τ = i, the theory is strongly coupled.
It will be very intuitive if one can relate a Seiberg-Witten theory and the corresponding quiver theory by string dualities. More specifically, one may start with a F-theory compactification that realizes a Seiberg-Witten theory and apply various string dualities to turn it into the corresponding quiver theory. We illustrate this point with a heuristic example using a D7-D3 brane system.
We know that the quiver gauge theory associated with a particular ADE Dynkin diagram is realized on D3 branes probing the corresponding ALE singularity. We also know that the gauge theory with the global symmetry corresponding to the ADE Dynkin diagram can be realized on D3 branes probing a system of D7-branes. One way that these two pictures might be related is through the following sequence of T-dualities and S-dualities. We begin with the D3-D7 brane system. We can assume that the branes are oriented as follows (where a × means of infinite extent and a − means pointlike in the particular dimension) 0 1 2 3 4 5 6 7 8 9
We now perform two T-duality transformations on the 6, 7 coordinates. This will take us from type IIB theory to type IIB theory and change the system into a system of intersecting D5-branes with the following orientation 0 1 2 3 4 5 6 7 8 9
Since we are in type IIB we can perform an S-duality transformation which transforms the D5-branes into NS5-branes with the same orientation 0 1 2 3 4 5 6 7 8 9
Then we perform another T-duality transformation on the fourth coordinate which will take us to type IIA theory while turning the first set of NS-branes into type IIA NS-branes and the second set of NS-branes into an A k orbifold singularity [26, 27, 28] . Subsequently we perform another T-duality on the third coordinate which, since it is parallel to both the orbifold singularity and the NS-branes, will only have the effect of taking us back to type IIB theory and changing the NS-branes back to type IIB NS-branes leaving us with the type IIB brane configuration 0 1 2 3 4 5 6 7 8 9
Finally we perform another S-duality transformation which leaves the orbifold singularity invariant while changing the NS-branes into D5-branes 0 1 2 3 4 5 6 7 8 9 D5
The D5-branes should be thought of as wrapping the two-cycles of the singularity, i.e. they can be thought of as a set of fractional D3-branes. Hence they can be recombined into a D3-brane which is free to leave the singularity, exactly the brane probe picture that we wanted to reach.
This rather heuristic discussion can hopefully be improved to also be valid for the exceptional cases treated in this paper and in [7] . In those cases, the 7-branes that one starts with carry (p,q) charges and it is not always clear what their T-and S-duals are. It would be intersting to elucidate this point.
We could also imagine constructing the Seiberg-Witten theory through geometrical engineering. In that case we could study the how string theory mirror symmetry acts along the lines of [16] . It is not a priori clear that the mirror theory obtained this way is the mirror theory proposed in this paper but since the three dimensional mirror symmetry can be explained in this fashion we expect a connection also in our case. If this picture is true we could take the viewpoint that what we have been doing in this paper is to "solve" the superconformal field theory with E 7 global symmetry using the method of geometrical engineering and mirror symmetry as outlined in [16] .
Summary and Open Problems
We have extended the observation made in [7] What we have shown in this article is that the complex structures of the Higgs branch and the generalized Coulomb branch are the same. To confirm the mirror hypothesis, we also need to show that the metrics are the same. It will be worth studying whether our conjecture is true in more general context. It will be also interesting to consider other quivers and study if the resulting curves can be interpreted as the generalized Coulomb branches of higher genera of some gauge theories. We hope to come back to these issues and others in [29] . 
There are the following relations between χ's,
Appendix B
To directly compare our curve with the one in [9] , we should express our result in terms of Casimir invariants of the SO(12)×SU(2) subgroup of E 7 . More specifically, let us consider the subgroup we get by removing the simple root corresponding to b 2 . Then the simple root corresponding to b 1 becomes the simple root of SU(2) and the rest becomes associated with the roots of SO (12) . The mass parameters in [9] can be thought of as an orthonormal basis for the root space. The standard way of choosing such a basis for SO algebras would in our case correspond to 
Similar relations were found in [21] for three dimensional theories. Inserting these expressions into our formulas we find that the curves are equal up to the following rescalings of the basic variables in (11)
which turns (11) into
which, after a shift in Z (using the notation of [9] )
becomes exactly the curve given in [9] .
